ONTIT- TV ”
TDISRETE PROBABILITY THEORY
AND
 —ADVANLED (OUNTIN G TEHNIGUES
Boels of coun%'?n@‘.’r— ?
. TE X 15 o aef, lef us wse |X]+1odenote Hhe

‘Numbey of ¢tlerpents Tn X,
Two Bosic [Our)'hn& pyinciples

“lwo f[emernLaY(b]L pyinciples act-as bu:lch-?
blocks" fov all countin Pmblems The &t principle.

Soys thart Hhe whole s Hhe sum of i pats, ik lsat |
ove jmmediate cnd elemen-FCNa,

Sum Lule ' The Pﬂr?nc?plc of o’sjunctive coum‘v"ndz)v,

T o st X s dhe wnfon of cJ:sJorthnonem}
'P*a 3ubstts Sl - - -.8n,dhen [X]= |s]|4)s2)4-- 150,

| We emphasite -that Hhe subgets s), 42, -
lsn must hove no elements Tn cormmon, Meresvey
8INe X = 61 USz L - - - . L. each element of o
N exaoﬂa one of the subsets S°, Tn othev wovds,
S¢S1, ---5n fs o pathton of x

_ 1f the subsets SI,82, ... .5n wevo allowed
to ovexlap, hen a move pyofound EYindple wil
be needed+the pyinciple of inclusion emd e xclusion



-—jtyeqruef’ma_ , instead of asb'n(% fox he NUMb ey ;;zs
of elements ina et pevrse , some PYoblems qgl B

how man& waas o ceY+ain even+ wm happen

| The dif ferenee 75 lavgely Pn semantics
—FW LJL Qq ;S an EVt’ﬂ"*, we (an [e‘:" X be "H';e Bped.
of comds dhot A com happen ond count Jhe numbey

'C)'F elements /n %. Neveythelecs, let VS state Hhe
ESum wre,!e —FOY COUD-Hn& cventg,

T+ ], - - - Inh a¥e mmluc:H? exclugive Cvfn'}s_é
and T/ eam happen el wagg/ T2 happen 2 wﬂ?&--;
fI——D am }\QPPf’n en woys , Tloy £z ov .. oY &y |

:[cm hc{ppen elteér+._. +en waﬁts\

Cﬂ@a?n we emphas?fe that- mfﬁL‘-'a”%\
evernts Tlond > mean ~thgt ' T

;o-r??_ con happen bul  both rannet- happen
;simuPrcmfouela

exclusive

T]V\Q sum mle com QJSO be 'ﬂOYmU)G"I‘P(J
atermg O-F chorces ¢ Tf an Ol?)‘f’('l- can  be

selected  from o Yveservo n e

wmdg and am |
objett m be eelected Tsom q Gepcnroﬁ’ |

~fesevvoly 1N ez w&ﬁs and G ohjert ran be
selected fsom ¢ SepCNO*e Yes exvoiy In €2 ooy s
then the Selection of one obyect F0om eihey
ONE YeseYVolvy oy -he Othey can hbe mod in

el + €2 UJCL?S-

\J\_“ﬁ“l\-’ a ’Pfj = 2’/ 30



?‘GOCJUC‘}— @U The P*nnc; C ojc 887/(18*7(!0?

counhr? |

i

| T—F Sl...8%2 ove nonempry Sets, then
—?he num bey of lements in 7k cavtesam E
'P'mdud- SLX82 x &n 18 Yhe pyoduct TTTin =

‘ lo ¥l That Vs,

ISLX82% - - - . XSn)::'T]';‘n ::”s;}'

Obsevye dhe -these ave 35 byanches m‘

»!he Fvst atoge (0¥ves pondin (? 1o the & t‘l"mf’D?LS

IG{? S| and 1y each &f theseV byapches -heye |
!cmﬁ 8 brtanthes in the Sewnd s+age cowpsporﬂ:)ﬁ
40 the 3 clements of S2 glving a Yfotco] oL 1§

byanthes altogethey. Movesvey The (avtes!om 5
product 81X52 o be poiditHoned as/aixs1) D
(A2 X$2d U (A3 xS2)U (AU x52), heve g xs52)=
fairb ), (Qitba), (a7, b3)Y+ thus, for erampl
a3 xs52) co¥vesponds 1 Hhe Hhivd branch in+he
Pt &aae o llowed ba each of the 3 byanches
'h the sewond &qge.

| Move genevall, , i+ al, ... -an ave +he n
dighnct  elementgs ~ of S)and bl .. -, b ave
the m diseTnet elements of g2, then Sixs2= bin
=1(ai X$z2) |

Wit P 3/3(_



;
!—ch - x s om eﬂbiﬁma eler ent of S1%52, l 1

then x =carh) wheve alsiomd b 14y

|
|
i

Thus, a=ai fo¥ some ¥ amd b= bf oy SOmf»J

Thug x = (a7, by) 7 (atxs2)and theyefove ¥ T - g
:l(CuKsz) %

| o 4 g
C{Dnve\rsflﬁ. it x TUn=)ta’x§2), 1hen xI (atx8:) |
Fov some T and Jhus x=(a?, by) whew’ b s
some element of S8zc Thevefore, xlsmsz

Nert obsevve that (aPxs2) ond (o] KSZ)
me disfoPrd te ¥ £; aince M xT (af XS2) n (a) ﬁSg)
+hen &= [af, bk) fox some K and x= (o}, b)Yty |
Some_[

But- then (af, b)) =(ay, b1) Tmplfes Ahert-
.Q?: Qf .ond ble = b]. But since i1£5, al +aj.

clzjo:rrk ONToN o% the se+s raPxs2), + artheymoye |
la? K52 ) = 182] sinte dheve 75 obviously q one- bﬂgnf

COWespOﬂc'eﬂ(e between 1he sets oPx s2 and ¢
| mmffa f(QI 5)) -3 b)

s A o T

e ars ba 4he aum vule Jal XSZ[ = gnm&l/af 1(52)3

= (NSuMmmMands)|4z]4)22 |+ - -11$2
=N|8z]

= NnNMm .

W id-,P5 - 45/'5(“



96
[ ‘hevefore, we hove proven dhe product yule |

-Fov +wp oets . The (éjenqu/ vule -follows b@/ ma’ifhem-é
odieaf tndution .

| ke am vefoymulate Jhe product vule 7y
derms of events. i events T, Ee, .- Th ram

hoppen el ez, . - omd en ways | Yepertivel ,then
~the  seguence of events Tl fivet, follo toed b&] S
o llocoed E‘dt Th m boppen cled._.en waﬁ$"

Tn fevms of choices, -he produdt yule fs
Stated thus! I£ a £5t object com be thosene) |

"‘%9, Q seond 2 wwdS, -sand om nth 0b)ert
tera be mcde iR eley . - -enwo,as, |

(Orabinations (E prrmutatons ¢,

Definition

| A combinalion of n pbjerte Hken v af g |
Hme s om ONoYdeyed gelection of Y of %heo@‘e(g_é

@Q pﬂmwlaﬁ'oﬂ ot n objects +qlen Yata
Hme e o ondeved selection maqué;empmt
of v of +dhe obyects . |
| Note thet ewe ove ofmpl de{?nmg +he

Teos Y- combinabons ond ¥ —pevmwalons heve
crd  hovwe npt menHon¢d cmwhi‘

Tﬁ aboul Fhe
propevties of the n objerts.

(A’ b -b 1¥5° {/5»_“



|
foc exavple | fhese definitions 667 mﬁh:‘nﬁ\ L
about  whethey or not a 8?\/90 elernent may
appey moxe han pnee 1h the s+ of n objmf&
| In othey wovds, # may be That +he nobj’pc-‘}s

do pot constitute e get in Y+the novmal USQﬁP@-iL
-the toovd .

Solved pvoblems

Tiample [, Suppose -that the 5-objecks From

wobith selections ave 4o be made ave:q,0,0,b,¢,
then the 3 - combinat ong ot These 5" objess ave
oc0, aab, aec rabe, The permitations ove

a0Q, aab,aba  bag, Qac,acq, cae,
abC , ach, bac, bea, cab, cho

| ;\lei—”w do these definiton s |
icma’rhina abocrt om&n yules 6ove\m:‘na fhes@lf{(‘b%
of the ~—~0Objecte: On one evtreme. o byects tould |
be chosen wheve all vepetiHon ;4 forbidd en, oy
‘on the othey exteme, each objett meowy be chosen |
0 1o -+ Fimes, of +hen ogain M be some vl
of selecHon between these o yyeeas for inglave
%the yule 4hat coould allow o 8:‘\/90 object 1o be, |

vepeated up o QL OHCIN speti ed numbes of e

Ne will vse erpYessions like {g,q,z.bs__g
o indiceite efHhey

— b / -l

N A



I) that we have 3+2+5 =10 chjects ?nf[uoffﬂ%

| 30'S, 2b's and 4¢'4, or 12) Hhat we haves

iob)‘erﬁ% Qrb,¢, wheve selections ave onstained

ba the nditons that a cm be Selectod ot |
‘ ost Ahvee Hmes | b can be selected of m@fs%-'home
and ¢ cam be chosen up to £ve Hmeg,

The NuMbeys 2,2 ond 5 fn hs examp e
will be called Yepetition numbevs

eammplez  The 3— combinations of 23»0,%5,'3“,/}5

oY e | ;

aaQ raabk,0ac ; abb,abe, |
eccocch, g, cbh .

|
?TCIM")‘C% The 3- —ombinations o+ 728, 2:ih ¢ I:d\}!
oY e

a0q, agb, aac, aad, bba , bb¢, bod,

ccer cihted, abe , abd ; acd; hed,

In ovde to tnclude the case coheye theve

P no limPH on the numbey of Hmeg on objert
o be vepeated i q SeleCtion e e 4pe
e a6 o vepetition  number o mean ot o
chject con occuy am jnfinite number 04 Hmeq

Sﬁm ho/

:FxUmPI”/ The 3- (Ombmoﬁof)ﬂ of {6 1012, 0x, ro},
oxe the same as Pn emmp/e 2 even Jhougho m)d(
(o™ yepeorted om jndinite aumber o Hmes. m,%;
Fecouge | in 3—t0m B nerions; 3 194he limit On +he |

Numbet O—ﬁ()bj ets o be (‘50561’% > [ <a
by L, V‘j"' 7[5



s
H we ave cons-?dewrm%} aele(Hons wheve cadh I\

objet has oo as its vepettion Dumbey then we
50’99;8”(”9 suth selections as Selections with }
{ vnlimited vepefhitions. Tn moviculay, asdection of v
éObjﬁ’HS in his case will be cafied ¥— torobinations« |
| with vnlimi fed repekitions and any Ovdeved Q‘r\ra*nat—
‘nent  of -hede -~y 0byeH<S (v |
with onlimited vepesitions |

ke @ ~=pevmutation

::{:;Cmﬂple 5 The wmbfrekions of- G byc,d with
vnlimited vepetibons ave —he 3 -tombinations of.
foL, a1€ib, eoc, ond Jo These are z03urh 3-

' tombi neions, naret.

aaa, 6ab ;0o ¢,aad,
bbb, bbd, bbt | bhd,

cet, ccq ted, eeh
dddrdd@ pdalb,dd(,, ;
abe, o racd, bed.

| Moveovey —theve ave 43 - gu of 3- permutahiong
:,oo‘rPh unltmited yepefiions sinee the £9vst+ position
com e filled 24 UUO%IS with arb, 6t ovd ,-the 53er0f)c/1
(posttion com be filled 4 oy, omd il cwise £yy |
the Ahivd postion .

The 2- pevmutations o+ fb"*q/m"i,c&‘,c.&d}‘
do no+ PTE’SE‘I'H‘ surh ¢ ’FOTm?dQHG' ltat and sp » ;
Fabulate them in the ﬁ)/owinﬁ table.

i
i

|
|

boni v, P5 -5 /3¢



|
i
i
|

K0 roblfPoHon <

- with pnltmited

Repehtons

a o
o b
o
ad
bb
he
bd
ec
cd
dd

10

ot couvse ; these ave not —the onl

; constvaints thet can be placed on selectiong; he
possihiliRes ave endless, ewe |

2 —pesmutaH 0N
with ONnIfmjted
Lepettiong
a-q
ah ] bq
ac, dq
ad dg
bb

be, ¢éb
bd, db.
¢

CQ’:dC
dd
1t

ISt Qome more

exovnples Stot for oncveteness  epe might, fox

exavnple , considey selechions 0t § ooy | o0ib, 6o
:whm b cam be thpsen On}éf

¢k |

even nubey of Hmes

Thus e 5 = combinertions ,ih Hhese v epptition

"number s amd 4hP8 (onatreint woed e hps e

5 —combinations cwith onlimed Yepetitions omd

wheve bi% thosen g,2,0v 2 Hmes

ity — 915



;:EJCGrmPIC’G The 3—combinations of 7, g,
by 1ec,dY cwheve b cam be shosen 0028 an eveh |
Numbey 0f Hrnes ave the 3-tombfnatipns 04 |
by t,d cwheve q cam bedtwsen yp 8 Hrmes, b cam
be thosen 0 oy 2 Hrmes, and ¢ and d can be |

chosen ot most once « The 3 - cimbrnations sc@'@(f |
4o dhese constraints ove- |

o0&, aqc , aad, bbd, bbc, an,

: s ocnothey example , we m?ﬁhwt be Jntovested|
i?r)! selechions of {oC.q, 3, b, lac} wheve a cam be |
chosen o PTfrT)e num bey o fimes, 1hus ,1he ‘
' & combinctions Subjec+ o -these rpnsivairnis woul d bc
fO” .jtmg@q;- rombeQHODQ wheve Q cqm bf’[})OSPD |
;9_[%13\, oy + Himes, b cam rhesen Up 153 Hmes,amd|
¢ e be chosen ¢t mpst once. |

Theve ave, a3 we have safd, am nfinite |
vavi ot onstiaints one could plate 0n seleckions
UOU com  Just (et spour r‘mangHOn 80 free in
"(Ohj(ﬂ fnﬁ p diftevent Onshalnta pnthe
celerhidn, would conshfute am v— tombfnation
accowdr‘n& Jo ouy definiHon, Moveovey, am
_mraem@hsp o these v objects would ¢ondkiute |

oM Y = permutation.

Wik -l , P — /O J30



Ihile lheve mag re. o infinite vaviet
I[G'f‘ (onstvaints, we ave pwr?ma‘r?lz ‘nstorested 1N
~H00 mcfj’ow +ﬁ(pcs; one we hcve qhead:‘f desey’hed =

I Y [}

ARINGTIoNS  ernd PeyMutations with Holtmited
Tpetitions, ke ofher we now descyPbe.

E -.—H; +he TEPFHHOOQ nunbeys core all
1, then selections of ¥ objects ave called ¥ -combi
~natons utthoyt yepett Hons and (Ir*mrﬁemen#—g |
ic)% +he v objects ave Y-peymutarions Vi, Hhoudt
ivepfﬂh‘ﬂons . we vem?nd you that vy~ combinat'ons

‘oithout vepetitions ave just-cubsets of 4he n
iekmen-lﬁ (ulasaelialde emﬁtua v elements. Moveovey,
toe shell often dvop the yepetiion numbey | when
wnsideying - ombingions wHthout=yepetitiong oy
!@cormp(e . when onsideving v~ (ombtngtfons o £ |
é—{cuiolf[d} we  will meom " thedt each yepetiton *
‘umbey s | unlegs othevwlse dps?ﬁnq’md, ond, |
0@ oG e  we meah —herk oo given selection an |
olerent need not be chosen ot all, but, i H-ig
%Choseh, +hen m 4his cdection this element temngt |
ébe ¢hoeen Qaq?n.

Freple . ‘
! SuppPose celechions Gye ts be modle "pwrom 'U’)(’

Lour objects arb i d.

beni v -4 ,09 - f( /JC‘



9 — combinations 2 - peymutotfons

Lo Hhoet- wwH ot |
£,peHHons Repe Htiong [
sk ab . bg
ac Qe cqg |
ad ad bq
be be e
C,d Cd ( do ¢
9 L

TI\EYQ ave 8ix 2 — omhbinatfons  whhagh |
Yepetitons and to eacth theve ave g quevmum;
Hons 8Mr8 atotel of twelve 7 - pevmutatinns |
‘without YepetHong,

B f\\OJre thot Hotal numbev o{i 2 —combingtiong [
CU"H\ pnlimited epethons Tn Fxample ¢ Intluded <ixg- |
ombinaHons  toithout Yepetttitng of exarnple, > ]

|
{

ond 06 well 4 Gthey 2 - combinations wheye
YepeHHoNg Qﬁual)a pecuy - Likeefse , the sixteen |
9 - pevoutertions Y with Onlimited ~epetitons |
Sadudad the twelve 7 - peymutations  withoyt

TPPGHHDFB.

L&‘Y).I¥'L‘L)P5 : /L/SO



3_(wrnbinations 2 - permutGtiong

without Lepetitiong orthout  £,petitions
abc abe, ach, bac, beg, (ab,cha|
ahd abd, adb, bad, bdg, dob,dbg
acd acd, ode, cadr ia daedeg
hed bed) bd ¢, cbd,cdb, dbe okl
4 24

nNote that 4o each of Hhe 5 (ombimﬁdﬁ
without Yepettions Jheve ave ¢ possible 3- [Fermcatons

twhhout yepetitions, Momentarily e w? ghowﬁmt
—Fh\S obsevvahon m be 8E’hwc117'z—pd

(ombrﬂOrHOﬂs AN permutations  with err%ong
| <Greneval formulas Loy entuimevatn |

omnbinctions  and permdartions ¢t NOW he PT("Smeﬂi

A his Hrme, e twill onl(%hsf Leovylas Loy pmrticen
pewrmum%oms wHhout- Tepeﬁhmg (O COH(/L)

unlirotted  vepetitons, We el ll epafL 0ot | Q7L@Y*/z)
- USe genevorting functiong o 8’\16 geneval #whm?ws

o emmem%ngc, cornbinations cobeve othey yyles
;ﬂov exn the aelettions.

Lt ptn) denote dhe numbey of v -
pemautetions of N elements without yepetiHons,

(A1 - b/ ‘/',j - | 3/30



| !
’H)eowrcmt'

ﬁth)“”(” ) -~ (n-y+1)= 0] /(‘ﬂ-Y)/

Proot, ofnce Hheve ave n distinct obyects, +he
'L?Ter position of am Y- peymutation Mayy be filled |
on n ways This done, the second poston com be |
Plled 'n Nl waas sinte no Yepetons ave alowed
ard dheve ove ng objects lef++o choose from . '[he’

—thvd o be flled tn n= wOuG-( 8(7 Oppl rr)a the
product yule | we conduct fhat

|
?
i'
!
!

;D (N Y= nln=0(n-2) --- (N-Y-+1)

2om -he definition of fadosials, # follocws kol

plm~D =Dl [ (n-y)] |
wthen v=n, -his foymule betormes

pPlnim= nijol=p i

wohen we etpHeit vefevenre v v s not

mode, e cssume  Thart all Hhe objects ave 4y be

Cmfuﬂaedt thus we ~+alk abott the permutatfions
of n objects coe. Mmecm The wse Y=n

comllma 1. Theve ave 0] permutatons of n
dtstinet obect+s.

iy -4,P5 - 1§ /;C



5?'Jr:delﬁ I+ Theve ave 3] =k peviutationg &N
dletind pbyets of fQ’b‘C}
| Thﬁ’“ff’ oOe L= 24 pmmu'}'QHC)hS@‘f %Cu'blfrd}

The number of 2 - nevutatHone
{onb;c,éze} fgpﬁs}l_):?’j/@-——z)l =5 Ay=2p

The numbey o€ 5 —lethey  tpovc 08ing +he
lettevs arbir,d, ove ect most- Onre s p(55)h0)
=ample 2

Theve ate plocw) =5,0U40 H- drjﬁ— nurn beys
thot contain No yepeated dfg?f—s Sinre eqch Suth
numbex 1§ just am O*rﬁmgemen—l— ol Ffoux of -he
digits 0, 13- -~ Q. Theve ave P (26, ™ PUOV)
lcense plates fovmed b? 5 dietned letters

-:%!!ocoed ID'U 4 distinek- dfghts_
iiaamplea. Tn how maﬂa wc%rs cem 3 women omd |
3 men be a“‘mnaed fna yow if Jhe 3 men must

'aluaons sternd  next o each m’hw?

There ove 8] u%g O%Cm&nﬁ?n? +he
daumen , sinee the 3 men alw Stimd  hest 1
cay other cwe et dhem a9 2 shgle entify ohich |
we denote ba K- Then i Wl wz - . wa Yepveserts
dhe upmen , we Nest ave inkevested tn the numbey

o{imﬂs of aWOnamagmwumz,wa,u Y,

bnib -4, Vg - 54 /jc



! |

| Theve ave §I pevmutations Jrese g objerts
tienie Jheve dhfg [2])(3]) peyMytertions o%ﬁﬁhw,_

“Fomople 41 Tn how ma s Jhe (lettors
of -the english alphabet ~ be  ayvyanc ed <o Fhat
dheve oove emrﬁg &= lef 4015 hetween he lelteve a
omd b] |

Theve ave B, [24, &) w%s 1o awanﬁe the
5 Jedteys between a od b, 2 woudgs to plae aomdb.
and hen 20 emas%o avyange oy - lef fov 00V
treotd 05 One  pni- O’Dnﬁ with -he Yem&frg g
leltovs - The dotal 14 P (Zui$) t20) )t2),

'Pmmu%O“HODS' Fov the objects ave bein

cmrangeql tn o Pne . I£ Instead 0f avvom jng objects,
n fr'r)e, we axyange Jhem tn o tvele | then

—the nuMbey of- pevrHations decveases

=omple 57 In how mcmzd( cooudg can 5= childvyen
cqunae themselves Pn civin

87

Heve (+he 5 chtldven are Not Q'gg"(?npd
o pacticular places bt ave 0013 GWC”@Pd velotive fy
one anothey - Thus , -the Oyyemoernen+a qve
consideved -he -came i the (hy dyen ave nthe
some  ofdey clocteoise . Hence , ~Ihe positon of child |
¢l 18 tmmateviql and 1F 18 0015 the pOsition of |
the i othev childven veletive + C! ~thort (Cl()fhts,:

U\YH-} = ip f\)ﬁ F )() /EC



|

l?momtoﬂ coeffreients : 9

Tn eoathematics, -the binomial coefficient (Uis;
dhe coefficlent of- he x& fevm in he pafz]nOmraQ efpansvoq
of the b’npmial pouwey (1+¥». |

Tn  combinortovies. [ )rs Poterpgeted as Hhe
numbey of e—element Subsers of an n - element st
Jhott T8 4he numbey of s 4ha+ Il things com be |
“chosen" tvom a set of n ¥ HhingS. Henwe ()]s often|
veod as 'n choose k! and 35 colled Hhe thoose function
of nondt, The noletion (1) was Snhoducld 5(7 Andipss
von E+HnaSHausm TN 142, atthough The numbers
weve abvéady #nown tentor’es befove that @Henoti
rotahon s inelude Ceople)y nCe D0y Cr?' cric , 10 al)
of ewhich dhe ¢ stamds Lov mbinations ov chofes,

fov naduval numbeys  (4aren o Snilude o)
N and ¢, e binomPal coeliesen+ [ ke be definal
as the coefficeent of the monomicl xE in he
expension of (1407 The Same  coeffitient alse

oceys (i £ en) mthe binomial formyla
q
_ T /N
peyt= 3 (F))gﬂ"x‘act
E=0
@Qﬂ‘ﬂh” occuence of 4his numbev s T

tombinatoYity  toheve § gwe(ﬁ the numbwo-ﬂwaﬁs ';
ad Gfed&'\fdlﬂa O de,

benib-4, 7 ~ L 7/36



That o ke objeers cm be  chosen fom awon
@ abjects, move fovmally of F - element subs kg

Bor £ - combingHons) of an P -element <ot Thig
numbey (an ke geen T be equal Jp the one ot 4he %'yg,t
de Gnition . Independently of any of +he fovmeylas beloeo)
—+0 tompete Mo Hetn each of the b facteve ot |
dhe PoweY  ((+x)" one -ﬁampomw/y tabels the +evm
X with oo index [ {~vyunnin from | 0 N ). 4hen earh
subser OF & indices gfves  oftex expansion o
contiibution x“ and Hhe (oef& cientoh 1he meno - |
oolal in Hhe vesuH il be he numbey . of such Subsets,
“This shows in pe¥Heulay Hhat (D) ta o natova) |
numbey Jov ang  natuval numbers handt, ﬂjﬁeé
o€ many  Othex  tombinctinl "Nleyyetation
binomPal = coetfitients ((ounting pvoble ms £ory |
whith The answer ig given by o~ binomial oe £t
expvession). fov  fnatance the numbher Oqﬁu@yc\(j
foemed of N bi+s tdigits 0 or 1) whose sum js k, |
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tnvolving tevma of the fovm OOC%C, wheve +he
coefEitient of eath term Jen pegiive irﬁeﬁem and the 1
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The toef{ficients appeaying in the binomsad
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The staterent of the pr‘ﬁfonbole Pinaple !

“Lf m pﬁ’aeons Cove PU“L ?n{‘o m
ip?aeonho les, heve 93 om emp%? “hole iff 1heve!s

hole wth move Hhan one pi‘aeon.
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EP?annhO)esz—FheYe’ﬂqho le WHA rove-than one

pﬁmn,

é’_:&mﬁp[f i
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| heqevalizetions of the p?@ eonhole prPnciple -

| @4 enevalived veveion of 4h%s pYintiple stotes |
Jhetk, 18 diecvete objects cove 4o be Qllbaried 4
M tontatnevs, then at least one containey must
hold np fewey 4ham [n[mMIobjects wheove [¢J isihe
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aines most hold ho move Jhern 77T ) m obj erks |
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of pigeons does not exceed theve fs often of
,p?aeonho)ee (hm), due Ho-dhe Yondom ncrove
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Aumbexs Gy Hherk 18 indexed by -the ratuyal
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